We study the deterministic entanglement of a pair of neutral atoms trapped in an optical lattice by coupling to excited-state molecular hyperfine potentials. Information can be encoded in the ground-state hyperfine levels and processed by bringing atoms together pair-wise to perform quantum logical operations through induced electric dipole-dipole interactions. The possibility of executing both diagonal and exchange type entangling gates is demonstrated for two threelevel atoms and a figure of merit is derived for the fidelity of entanglement. The fidelity for executing a CPHASE gate is calculated for two 87 Rb atoms, including hyperfine structure and finite atomic localization. The main source of decoherence is spontaneous emission, which can be minimized for interaction times fast compared to the scattering rate and for sufficiently separated atomic wavepackets. Additionally, coherent couplings to states outside the logical basis can be constrained by the state dependent trapping potential.
I. Introduction
Over the last few decades tremendous progress has been made in coherent control and manipulation of individual quantum systems in atomic, molecular, and optical (AMO) physics.
Motivated primarily by the goal of improving precision measurement and noise reduction, as well as testing the foundations of quantum theory, quantum opticians have developed a variety of new methods and systems [1] , including laser cooling of atoms, ion traps, optical lattices, cavity QED, atom interferometers, and correlated photon sources. Simultaneously, physical chemists have been perfecting techniques for coherent control of molecular reactions and other complex systems via ultra-fast laser spectroscopy [2] . Today, these varieties of tools are converging on a new problem -quantum information processing (QIP) [3, 4] . The ability to coherently control a many-body system has great potential for new paradigms in computation, communication, and precision measurement. The unique properties of AMO physical systems make them the ideal arena for implementing these ideas.
One particularly attractive system in this context is laser cooled and trapped neutral atoms. Of crucial importance is the ability to perform deterministic entanglement via two-atom interactions (e. g. a controlled-NOT quantum logic gate). This has been discussed for several different dynamical interactions such as ground-state collisions of atoms [5, 6] , and induced electric dipole-dipole interactions [7, 8] , including highly excited Rydberg states [9] . The common goal of these proposals is to design a protocol with a flexible trapping architecture, a means to encode quantum information in the atoms, an ability to carry out quantum logic via atomic interaction with minimal loss of information to the decohering environment, and a faithful read-out protocol.
While the impetus for much of this research has been the pursuit of multiparticle entanglement for QIP, the search for such encodings and two body interactions yields insight into new areas of research that unite ideas of atomic, molecular physics, and coherent chemistry.
An example of research in this area is "superchemistry", where coherent coupling between two separated atoms and molecular dimer states has been observed in a BEC [10] . The goal of coherent control of a molecular dimer can be put in one-to-one correspondence with the problem of implementing two-qubit quantum logic gates, as we will show below.
We study here alkali atoms in tight traps that interact pair-wise by induced dipole-dipole interactions in a far off-resonance bulk 3D optical lattice. Various other trapping schemes such as magnetic [11] or optical microtraps [12] might be used as such technologies mature. As described in [8] , a suitable geometry consists of independent linearly polarized standing waves, of slightly different frequencies along the three Cartesian axes where atoms are trapped at the nodes of blue detuned standing waves. Along a defined ˆ z -axis (quantization axis), one can vary the relative angle θ between polarization vectors of the counterpropagating beams, and the field decomposes into σ ± standing waves whose nodes are separated by λ(θ/2π). We identify two "species" of atoms denoted (±) , that are trapped in predominately σ ± light. A logical basis for each species is defined,
, m ψ ψ
where S 1/2 ,(F,m F ) is a particular magnetic sublevel of the ground hyperfine manifold (with
/ is the nuclear spin, and ψ ± ext is the external coordinate wavefunction for the (±) species [13] . For simplicity we assume that each of the atoms is prepared in the ground motional state of a locally isotropic trapping potential. As the laser polarization angle is varied from θ=π/2 to near 0°, atoms prepared in these logical basis states will adiabatically follow the moving σ ± standing waves and be brought together pair-wise. When the atoms are sufficiently close to one another, one can apply an external pulse -which we refer to as the "catalysis" field -inducing electric dipoles in the two atoms that are stronger than those induced by the trapping field, and causing the atoms to evolve in a nonseparable manner. After the desired interaction time, the catalysis laser is turned off and the atoms are separated again. If the coherent interaction is strong enough, then the time to perform the entangling gate can be much shorter than incoherent processes such as photon scattering and inelastic two-body collisions.
Under these circumstances the gate can be executed with high fidelity.
This discussion assumes the individual atoms maintain their identical structure during the interaction. At small internuclear distances where the highest fidelity for two-qubit operations occurs, a proper characterization of the interaction of the catalysis with the two-atom system requires us to consider the molecular spectrum. A molecular treatment has considerable complexity, especially when hyperfine interactions are included in the description, but is essential when we encode in terms of these quantum numbers. Our goal here is to calculate the molecular potentials and oscillator strengths of states that asymptotically connect to results characterizing the regime of optimal fidelity for producing deterministic entanglement are discussed in Sec. IV and a summary is given in Sec. V.
II. SIMPLIFIED MODEL: THREE-LEVEL ATOMS
The essence of our system is to encode information in the ground electronic hyperfine states and induce interaction between the atoms by mixing in (via the catalysis pulse) a small amplitude of excited electronic states. The simplest model which contains these elements consists of two atoms (labeled α and β ) each with 3-levels: a "ground-state" doublet basis g = { } 0 1 , , split by an energy hω 01 , and an "excited-state" e with an "optical" energy difference E e − E 0 = hω 0e , as illustrated in Fig. 1a . After tracing over the vacuum modes in the BornMarkov approximation, the effective non-Hermitian Hamiltonian is [14] ,
consisting of the bare atomic Hamiltonian for a pair of non-interacting atoms, atom-laser interaction and dipole-dipole coupling. Taking the zero of energy at 0 , the first two terms are, 
where V c is the coupling strength which depends implicitly on r, and Γ c is the collective contribution to the decay rate; i.e. the degree to which the molecular decay rate is modified from that of a free atom. 
where the complex energy scale of the perturbation is,
with "molecular" detunings,
(see Fig. 1b ). In the limit V c → 0 at infinite interatomic separation, the exchange coupling ′ H 01, 10 vanishes, and the reduced Hamiltonian is separable, as expected. In this case, we recognize the real part of Λ to be the atomic light shift and the imaginary part the photon scattering rate. The nonseparable interaction at finite interatomic separation leads to entanglement.
The dressed Hamiltonian ′ H can be used to create deterministic entanglement within the internal states of the two atoms via the exchange interaction ′ H 01, 10 . This is the case studied in [15] for the dipole-dipole interaction between atoms with zero nuclear spin and degenerate
The dipole-dipole interaction ′ H can also produce entanglement without swapping the states of the constituent atoms. As we will discuss below, for real alkali atoms trapped in an optical lattice the entanglement based swapping can be strongly suppressed because of imperfect spatial wave function overlap for these transitions. In this case the interaction is approximately diagonal and the universal CPHASE [4] can be implemented by allowing the induced dipoles to interact for a time τ = hπ / Re[ E 00 + E 11 − 2 E 01 , where E ij = i, j ′ H i, j are the complex diagonal matrix elements. Note, for a separable interaction E ij = E i + E j , and thus the required gate time goes to infinity as expected.
The probability that the desired entangling gate was successfully performed can be measured by the fidelity ) = min † 2 Max
where the figure of merit κ is the ratio of the coherent levels shifts to the spontaneous linewidth as described in our previous analyses [8] .
We can analytically express exactly the behavior of κ versus the parameters of the two-atom problem, but the results are more transparent under certain approximations. Specifically, given a ground-state splitting small compared to the laser detuning but large compared to the dipole- 
Operations to achieve highest fidelity depend on the details of this model. It is evident that the figure of merit is very sensitive to the relative oscillator strengths and contains a term that scales inversely with the detuning of the catalysis laser from free atomic resonance. Thus the performance of the gate depends both on geometry, through the interatomic separation r since V c~1 / r 3 , and the strength of the induced dipole moments.
The simplified model described in this section highlights many important features of the dipole-dipole interaction between real alkalis. Specifically, we find that under the adiabatic approximation the interaction allows couplings which can change internal ground-states, or if these exchanges are suppressed, it can produce entanglement through a diagonal interaction acting on the logical basis states that induces differential level-shifts. This flexibility is an advantage when one wants a two-qubit gate with high fidelity. There are several limitations to this model, however, that require the inclusion of the internal structure of alkali atoms.
First, the asymptotic argument yielding Eq. (9), describes the behavior of fidelity for weak dipole-dipole interactions. However, we will see below that the region of best fidelity for trapped alkalis with hyperfine structure is V c~h ω 01 . Second, the above model treats the atoms as point particles, when in reality they are localized wave packets with finite extent set by the trapping potentials. Thus, there is always a finite probability for atoms to be separated by a "Condon radius" -the internuclear separation at which the catalysis is on resonance with one of the molecular potentials. The "Condon radius" can be viewed as an intermolecular dependent detuning that can lead to enhanced spontaneous emission resulting from resonant molecular excitation. The design of the entangling gate must balance the need to bring the atoms close together in order to obtain a large dipole-dipole interaction, while simultaneously maintaining sufficient separation so that there is negligible probability to be at a Condon radius. Finally, the three-level model treats V c as a scalar when in fact the dipole-dipole interaction depends on the orientation of the induced dipoles relative to the internuclear separation. In order to take these important features into account, a more complete calculation is required, as discussed in the next section.
III. MOLECULAR HYPERFINE STRUCTURE
An appropriate set of "good" quantum numbers for describing the molecular potentials depends on the strengths of the atom-atom interaction as a function of internuclear separation compared to the intra-atomic energy scales (e.g. optical S-P transitions, and fine or hyperfine interactions). Our description will be determined by a choice that gives the best fidelity for performing quantum logic with the information encoding according to Eq. (1). In order to maintain the logical basis, we must preserve the ground-state hyperfine quantum numbers. In our system, all interactions are mediated through virtual transitions to the excited S+P manifold whose energy levels are shifted by the dipole-dipole interaction. We thus require that the dipoledipole shift never be much greater than the ground-state hyperfine splitting at the distances spanned by the relative coordinate probability distribution. At these separations the excited-state hyperfine structure of alkali atoms is small relative to the dipole-dipole interaction and therefore the excited state hyperfine labels no longer represent good quantum numbers. We operate here at relatively large internuclear separations beyond the Hund's case (c) [16] conditions, where dipole-dipole shifts are small compared to spin-orbit coupling and large compared to hyperfine shifts. Because the dipole-dipole interaction induces mixing among the atomic orbitals, an atomic product basis set describing a given fine structure asymptote is inappropriate.
We restrict our attention then to the molecular potentials that asymptotically connect to the multiplet of hyperfine levels associated a given fine-structure manifold. For simplicity we consider the D1 line in alkalis, S 1/2 + P 1/2 . The Born-Oppenheimer Hamiltonian for these states can then be expressed as
where H S1/2 , H P1/2 , H hf describe the energy levels of the atomic orbitals, including the hyperfine interaction, and H dd = V dd − ihΓ dd / 2 is the dipole-dipole coupling in the near field,
where the d ν are the actual electric dipole operators (with dimensions) for each atom. Here the dipole operators are described with a quantization axis along the internuclear (body fixed) axis.
Diagonalizing as a function of r yields the Born-Oppenheimer molecular potentials. In principle,
Eq. (10) To find the molecular potentials and eigenstates, we start with the asymptotic ( ) r → ∞ basis of eigenstates. These are symmetric and antisymmetric states with respect to exchange of the two atomic orbitals, denoted with quantum number π = ±1,
with all magnetic quantum numbers defined with respect to the internuclear axis. In this basis the dipole-dipole interaction has the matrix representation,
where d is the reduced matrix element of the atomic dipole operator, and the indices i and j label the quantum numbers for the initial and final states. The coefficient A accounts for the angular momentum coupling for this tensor operator, 
corresponding to conservation of total magnetic projection along the internuclear axis. This is required by Eq. (11) 
The sum is taken over all e(r) , the Born-Oppenheimer internal "molecular" states at r = rˆ z BF where ˆ z BF is the body-fixed internuclear axis. The position dependent molecular oscillator strengths, detunings, and decay rates are defined,
Here, r ε c is the space-fixed catalysis polarization, the "atomic" detuning is defined with respect to the S F P F [17] on the excited molecular eigenstates to a SF basis with identical structure, 
IV. RESULTS AND DISCUSSION
Using the results from Sec. III we calculate the fidelity ), defined in Eq. (8), for performing a CPHASE gate using trapped 87 Rb atoms. Figure 3 shows a surface plot of ) as a function of catalysis laser detuning relative to atomic resonance ∆, and the separation between the atomic wavepackets ∆z, with localization parameterη ≡ = kz 0 0 05 . , where z 0 is the rms width of the ground-vibrational packet along ˆ z . A comparison with Fig. 2 shows that the region of best fidelity occurs for internuclear separations where V dd~Vhf . We calculated the fidelity for positive detunings only because we treat the potentials coupled to in Eq. (15) as supporting a continuum of states. At negative detunings, potentials that scale like −1/ r 3 support a finite number of bound states [18] . An interesting question that we do not address here is whether one could reach higher fidelities by red detuning the catalysis between bound states of the excitedstate potentials. The affect of spontaneous decay for red detunings relative to blue detunings is described in [19] . One additional complexity with detuning to the red is the high density of bound levels at detunings on the order of ω 01 , especially for the heavier alkalis.
The behavior of the fidelity depends both on the geometry of the separated atomic wavepackets and the strength of the induced dipoles, and can be inferred from the results in There are several constraints that must be satisfied for the model presented here to be selfconsistent. First, the gate-time must be short compared to the time to scatter a photon. Our analysis only accounts for possible scattering from the catalysis and completely neglects spontaneous emission from the optical lattice. We thus require that the atomic saturation parameter for the lattice must be small compared to that of the catalysis. This puts a constraint on the peak intensity and detuning of the lattice and catalysis according to,
where we use the fact that the lattice is blue detuned, so that atoms are trapped at the nodes of the standing waves where the scattering is suppressed by the Lamb-Dicke factor η 2 . Second, we have assumed throughout that the dipole-dipole shift is a perturbation to the trapping potential. This is ensured by requiring the gate time to be much larger than the oscillation period of the trap, τ >> 2π /ω osc . We write the gate time as τ = π / (ξ ′ Γ c ) = 2πI 0 / (I c ξ Γ) , where
2 hΓ is the strength of the differential ground-state level shift in units of the photon scattering rate on atomic resonance, ′ Γ c = Γ I c / (2I 0 ) with I 0 the saturation intensity. Using the relation hω osc = 2 2U 0 E R / 3 with U 0 the maximum light-shift induced by the lattice [20] and E R the recoil energy, we obtain the constraint,
For the parameters E R = hΓ /1500 , η = 0.05 , ∆ c = 10 In the above calculation of fidelity, imperfect operation arose solely from spontaneous emission of the excited quasimolecule. There are, of course, many other sources that degrade performance, even if one neglects technical error. For example, off-diagonal couplings, both within and outside of the computational basis, correspond to errors in the CPHASE gate. The latter is typically referred to as "leakage". Off-diagonal transitions can be induced by the dipoledipole interaction or though ground-state scattering. We focus first on the former mechanism and show how it can be suppressed by the geometry of the trapping potential to a degree that affords sufficiently large overall gate fidelity. The discussion of ground-state collisions is deferred to later in this section.
It follows from the tensor form of the electric dipole-dipole interaction that the atomic ground-state magnetic quantum numbers are not conserved, as seen in the frame transformation Eq. (17) . Only in the limit of point dipoles does the BF axis coincide with the SF axis where the light shift interaction for a π -polarized laser either conserves or exchanges the quantum numbers m F i . The issue of minimizing leakage is discussed in detail in [8] . As shown in Eq. (14) . . An additional barrier to leakage is the energy gap between ground vibrational states of different internal states. As seen in Fig. 4a , there is an effective longitudinal magnetic field due to the optical lattice itself [20] .
Provided the energy uncertainty of the dipole-dipole interaction is much less than the energy gap . . It is thus necessary to sufficiently separate the atoms such that these leakage channels are minimized while maintaining large differential level shifts on the logical basis states.
The effect of off-diagonal leakage on the fidelity is shown in Fig. 5 , which shows a sharp drop at small separations. This plot also shows the extreme sensitivity of the fidelity to atomic localization. As the atoms are more tightly trapped, the wavepackets can be brought closer together before significant overlap with Condon points occurs. For a localization η = 0.05 , and at the detuning ∆ =10 In addition to photon scattering and coherent off-diagonal leakage induced by the catalysis, there are various ground-state collisional processes that can further reduce the fidelity. For example, elastic ground-state collisions, which are at the heart of the proposal discussed in [6] , have the undesirable effect here of introducing phase decoherence and new coherent leakage channels. Inelastic collisions produce similar detrimental effects and/or can kick the atoms out of the trap altogether. These processes typically occur at internuclear separations that are much smaller than those required for our protocol. We can estimate the strength of collision rates by examining the dominant ground-state interactions between two spin 1 / 2 alkali atoms. At low energies, the relevant interatomic potential can be written [22] ,
The spin-exchange terms originate from the Heisenberg interaction for electrons and arises when the charge overlap of the two atomic clouds begin to overlap. This occurs only for kr ≤ 0 02 . and therefore does not play a role in the current situation. The second term, V D , describes magnetic dipole-dipole interaction of the electrons,
where µ e is the electron Bohr magneton. The last contribution, V SO , is the second order spinorbit interaction which is due to modification of ground-state spin interactions through distant excited electronic states of the molecule. This latter term also has exponential character and has its dominant character at even smaller interatomic separation then V se .
For atoms with nuclear spin that are not necessarily prepared in spin polarized states F,m F = ±F , the potential V se depends on the multiple scattering lengths associated with the hyperfine sublevels. The actual functional form of the exchange interaction for alkali atoms can be estimated using the formulas given in [23] . Perturbation theory shows this interaction is negligible in the current situation. The much weaker V SO plays even a less important role.
The dipolar interaction, V D , has a long range but the calculation of its strength can be simplified by invoking the constraint that the optical lattice suppresses transitions to magnetic states trapped in wells separated in space and energy. In particular, if we invoke the selection rule, ∆M tot = 0 then,
where θ is the angle between the internuclear vector r and the spin quantization axis. Using the Lande-Projection theorem, we find σ σ
where the Lande g-factors Mølmer et al. [24] have shown that they can be disentangled at the end of the gate by waiting the appropriate recurrence time for the harmonic oscillator states leaving only entanglement between internal states of the constituent ions.
V. SUMMARY
We have presented a realistic protocol for implementing quantum logic with laser trapped neutral alkalis using electric dipole-dipole interactions. Both diagonal and exchange interactions can be designed to create entanglement between internal degrees of freedom. Including the hyperfine molecular structure of interacting alkalis, it is shown that the universal CPHASE gate can be executed with high fidelity given the constraints on the system such as localization and losses from photon scattering, leakage, and collisions. The specific trapping system of the optical lattice offers flexibility in terms of designing atomic wavepackets with adjustable interatomic separations, and the introduction of a catalysis laser allows the creation of "on demand" entanglement of the atoms.
Much of this research falls under the realm of molecular coherent control and in particular demonstrates the use of laser trapped atoms to probe dimer dynamics. The ability to move pairs of tightly bound atomic wavepackets together, interact the atoms, and measure the output state, can be an important diagnostic tool to study the effects of ground-ground and ground-excited state collisions. In particular, the ability to use the geometry of a trapping potential such as the optical lattice to constrain coherent leakage outside a well defined logical basis demonstrates the ability to study and control molecular interactions. 
